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GROUPS OF PRIME POWER ORDER
AS FROBENIUS-WIELANDT COMPLEMENTS

CARLO M. SCOPPOLA

ABSTRACT. It is known that the Sylow subgroups of a Frobenius complement
are cyclic or generalized quaternion. In this paper it is shown that there are
no restrictions at all on the structure of the Sylow subgroups of the Frobenius-
Wielandt complements that appear in the well-known Wielandt’s generalization
of Frobenius’ Theorem. Some examples of explicit constructions are also given.

0. INTRODUCTION

Let G be a finite group acting on a complex vector space M . As in [LP], let
N(G, M) be the (normal) subgroup of G generated by those elements of G
that fix a nontrivial vector in M . Let N be any normal subgroup of G con-
taining N(G, M). The factor group G/N will be called a Frobenius-Wielandt
complement (or, shortly, an FW-complement) for G . For an explanation of this
name see [E], where these factor groups are shown to be exactly those appearing
in Wielandt’s generalization of Frobenius’ Theorem.

In the particular case N = N(G, M) = 1 it is well known that the Sylow
p-subgroups of G/N are cyclic or generalized quaternion.

On the other hand, one can ask if, given arbitrarily a p-group X , there exists
an FW-complement G/N isomorphic to X : here we have the following

Theorem. Let X be a finite p-group. Then X is a Frobenius-Wielandt comple-
ment: there exists a finite p-group G with a normal subgroup N and a complex
G-module M such that N D N(G, M), and G/N is isomorphic to X .

g1 is devoted to the proof of the above Theorem, but also contains some
results about the p-dimension subgroups of a free group, which turn out to be
useful in our setting. Some of these results are known, or at least they belong to
the folklore of the theory (e.g., Lemma 1.9, in which the techniques are the same
as in [HB, VIII.11.8(c)], or Lemmas 1.11, 1.12 that are essentially contained in
[Z, W2]); they are proved here for the convenience of the reader.

We note here that the proof of the Theorem rests on the fact that the def-
inition of an FW-complement above is closed under taking factor groups; in
other words, homomorphic images of FW-complements are FW-complements.
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In fact, we prove here that every group in a particular class of finite p-groups
can be exhibited as an FW-complement, and then that every finite p-group is
isomorphic to a homomorphic image of a group in that class.

However, it is clear that the particular case N = N(G, M) is the most in-
teresting, because of its intrinsic representation theoretical meaning; actually,
the whole research is motivated by this case. But the techniques used in §1 do
not allow us to specify easily the structure of G/N(G, M), once we have con-
structed G and M, beyond the fact that X is isomorphic to a homomorphic
image of it. In general, it seems to be quite hard to decide if a given p-group
is isomorphic to a factor group of the form G/N(G, M), for suitable G and
M.

Thus, in §2, we specialize our techniques to construct explicitly some exam-
ples of nonabelian FW-complements for which N = N(G, M) ; this generalizes
the construction given in [S2] for p = 3 to all odd primes.

Results and examples in the setting of FW-complements always yield corollar-
ies in the context of the so-called Hughes Problem. This connection is explained
in detail in [LP, S1]; here we just note that the Theorem above can be used to
construct groups G with a “large” Hughes factor group G/H,(G).

The notation is standard. We indicate by G, the ith term of the lower central
series of a group G, and by G” the subgroup generated by the nth powers of
elements of G.

1

The following result shows that our problem can be stated in purely group-
theoretical terms:

1.1 Lemma [S2]. Let G be a finite p-group and N a normal subgroup of G.
Then the following are equivalent.

(1) There exists a complex G-module M such that N contains every ele-
ment of G that fixes a nontrivial vector in M .

(i1) There is a cyclic section H/K of G such that every element of G — N
has a power in H— K .

Proof. Suppose first that G has a module M as required. We may assume that
M is irreducible: in fact, if V is an irreducible component of M, N(G, V) <
N(G, M). Then, since G is a p-group, M = LC , where L is a linear module
for some subgroup H of G, and let K be the kernel of the action of H on
L. Suppose x € G — N, and say that u is the character afforded by M, and
A the character afforded by L. We have

0= (#(x) > l(x))-
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Now, by Mackey’s theorem and Frobenius reciprocity,
(x)
(Hpey» L) = Ry L) = (E(’lﬂynm) <x>)

(X)
= Z 'lHyﬁ(x) (x)) Z(AH}'O(X) ’ 1I-I”r'\(x))’
y

where y runs over a set of double cosets representatives of H and (x). In
particular,

(AHn(x) ’ IHn(x)) =0,
and therefore HN(x) is not contained in K. On the other hand, assume H/K
is a section as required. Induce to G a linear character A of H with kernel
K. Set u= A% . By the normality of N, Hn (x) properly contains K% N (x)
for all g € G; reading the equalities above backwards, we get the result. O

The following lemma generalizes slightly the argument in the proof of [HB,
Proposition VIIL.1.12].

1.2 Lemma. Let G be a group and, for i=1,...,s,let n;>1 and k; >0
be integers. Let p be a prime. Then
-h

k ky ks
[Gﬁ]‘,(;l;z,...,Gﬁs]SH(ni,kl.)_ H Gp ,

hy)
0<h <k,

where
N s s
h=S"h, k=Y k., and =3 np".
i=1 i=1 i=1
Proof. For s = 1, the result is trivial. For s = 2, as in [HB, Proposition
VIII.1.12], it is enough to show

K k2
[@® ,b" 1< H(n,, n,, k k)

for arbitrary a € G, and b € G . Set ¢ =a, b"kz] and D = (a, c). By [HB,
Proposition VIII.1. l(b)]

k k ky k ki ky—i
(1) [@ " 1= modDj [[(D,)"" .
i=1
Define, for 0<i <k, ,
B pe’
E(i) = H(Gnlpiﬂzp,) :
j=0

By [HB, Proposition VIII.1.2],
(2) c € E).
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Thus, D < (a, E(0)). Then by [HB, Proposition VIII.1.11], D, < E(i).
Therefore (1) and (2) give

3) N ]eHE T =H(n,,ny, k, ky).

The general case is then reduced to the case s = 2 as follows. Assume,
by induction, the result is true for s — 1. Then it is enough to show, for
H=H(n,...,n k..., k),

> s
s—1?

kS
[H(n,,...,n_,, k,....k_),G 1<H.

Therefore it suffices to show, for any choice of (A, h,, ..., h_,) such that
0 < h; < k;, that we have

’

a kg
(Gy) .G 1<H,
where
, s—1 A , s—1
=3 ompts o =) (k= hy)
j=1 j=1
Suppose now 0 </ < ¢', and let E (i=1,2,...,5—1) be integers such

that 0 < h, <h; <k and Y7 (k —h)—a'—l.Thus,wehave

1

(ij—h) (h;—h)>h;—h;>0

j=1

|

for each i, and then

(4) pE = Z np"t > Z p
By (3), ,
a +ke—1—h
p p p s 5
[G ’ G ] < H p s’ +np ) ’
(I, hy)
oglga'
0<h <k,
therefore it suffices to show
o' +kg—1—h
p ) S
(Gp/):'+nxp"f) S H .
But by (4)
pa’+kx—l—hs (Z/ k=R kg —hy <H
(Gplz *n p ) = (GZ;:II "JP;/ +ngpls ) - - o

1.3 Definition. Let G be a group and p a prime. For any positive integer

o= ¢ .

ip“>n

n, write
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k,(G) is a characteristic subgroup of G, and G = k,(G) > k,(G) > --- is
called the Jennings-Lazard-Zassenhaus series of G, or the p-lower central series
of G. For the elementary properties of «,(G), the reader is referred to [HB,
§VIIL1].

In what follows, if n, m are positive integers, by [n/m] is denoted the
smallest positive integer larger than n/m . From 1.2 follows:

S

1.4 Corollary. Assume the notation as in 1.2. Set r = Y., n,.pk" and m =

i ¥ k=1 5 k;
mlnls,-ss,kpo(mi +np"7"), where i, =3, n.p"i. Then

ky ky ks
G, .G, -, G, 126Gk, (G).

n

Proof. Forall n> 1 and [ > 0, we have G, < ,(G) and & < x,(GY <

n

X k k
x,,(G), by [HB, Proposition VIIL1.13]. By 1.2, [Gﬁ|I , Gﬁzz , ..., Gh ] is con-

tained in a product of subgroups of the form ng ' for suitable choices of
h, k,X. Then the corollary will be completely proved if we show that, in the
notation of 1.2, we have pk_hZ > pm, whenever kK > h. Now if k > A, then
k; > h; for some i. Set bj=kj—hj if j#i,and b,=k, —h;—1. Now

5 S s
P hE = p(p i ) (Z njp"’) >p (Z n,p"f””) =pm. O

j=1

1.5 Lemma. Let G be a group, p a prime, and let n, m; be positive integers
fori=1,...,s.Setk, =k, (G), andr= i my, =, m,. Assume
w;+[m;/p] > [n/p] forall j. Then

[x . K"u] <Gk, (G).

y oo
m

Proof. By the definition of k,, (G), it is enough to show that, whenever n ipk" >
m;,

pkl pkz pkx
[Gn, , an e, Gns 1<G,x,(G).
Note that, if k, > 0 for some i,
. —_ m.
p (Y np" +np | 2p ij+[—’1 Zp[qzn,
oY i p p
and that

i m; < i nipk" .
i=1 i=1

Thus 1.4 gives the result. O
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Throughout the rest of this section, F = (x,, ..., x,) will be the free group
on d generators; % will be a field of prime characteristic p ; and Kk, =K, (F).
It is well known [HB, §VIIL.1] that x,/k, , is a finite elementary abelian

p-group, so that F/k,  is a finite p-group. Set pd’ = [k, k]

1.6 Lemma [HB, Exercise VIIL3, p. 265]. Let Mq be the % -algebra having
F -basis {a,.] -~al."|0 < n<q} forelements a,, ..., a,, in which any product
of g+ 1 of the a; is 0. Then 1+ a; is a unit ofﬂq,for all i, and, for
G=(l1+a;,i€{l---d}), we have

(i) &, ~ZF|SF 91 where F is the free group on d generators and %
is the augmentation ideal of Z'F .
(i) G~ F/k

q+1"

Sketch of proof. Amap 6: ZF — 4 is defined naturally: 6(x;) = 14+a;. Then

6 is an epimorphism, its kernel is #%*', and this gives (i), while Jennings’
Theorem [HB, Proposition VIII.2.7] gives (ii). O

We summarize in the next statements some results of [W].

1.7 Theorem. Let G be as in 1.6, where % = GF(p) and q = p", n a
positive integer. Assume q > d. Then there exists a maximal subgroup M of
G? such that each element of G — ®(G) has its qth power in M — G .

Let 7, be the projection #,: F — F/k, . By [H, Proposition I1I.18.2], =,
induces a group-algebra epimorphism

n: XF — X (Flk,,,)

whose kernel is generated by elements of the form (k—1)x, where k € Kern, =
K., and x € F.

By Jennings’ Theorem [HB, Proposition VIII.2.7] ker n,‘ cF I+ , where .~

is the augmentation ideal of Z'F . Furthermore, n,'(f j ) = F 7 for j>1,
where 7 is the augmentation ideal of % (F /K;,,) - Let 8 be as in the proof of

1.6. It is clear that 6 = G o m; , where 6: % (F/k,,,) — & is an epimorphism
—I+1

and kerd = # ' . Furthermore, for &’ = (@, ---a;lij € {1---d})o, we
. . J

have 6(% 7 =%’ forall j > 1. Itis easy to compute the dimension over

X of B’ /B’ *1. it is equal to the number of different monomials of degree j

in d noncommutative variables; that is, d’ if 1 < j <[. Therefore, with the

notation above:

1.8 Lemma. For 0<j </, dim, 7 /[F " =a’.

It is now possible to compute an inductive formula for the dimension d, of
the p-lower factor k,/k

n+l°
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1.9 Lemma. Set o
4 - { d, ifi=pr,
N0 ifpti.
Then |
k
d, =Y ukd" +d,,,
k|n
where u is the Mobius function.

Proof. F [k, isa p-group, and therefore Jennings’ formula [HB, Proposition
VIII.2.10] can be applied: since

d
p'= [K,'(F) : KH.](F)] = [K,'(F/KI.H) : xi+1(F/x1+|)]
for i<,
] ) . ) K
[Ta+¢+ 4+ 274 =% 1,
i=1 n=0
where ¢ is an indeterminate, s = (p — I)Z . nd,, and, for n <[, ¢, =

dim, 7 /an =d", as seen in 1.8.
On the other hand, ¢, clearly depends only on the first » factors on the
left-hand side: it is then possible to take limits on both sides as / — oo, to get

<]

[T+ 4+ 2700 = i(dt)"

i=1 n=0

l°-°I (1 - t”’) o
ST\ 1= t 1-dt
Taking logarithms on both sides, we obtain

0o e ljp oo dtj
d,(z——z )=Z:1(j)’
Jj=

and

[\/]8

i
and comparing the coefficients of & we get

PP LS

ij= k ijp= k

or, equivalently

ij= k ijp= k
Soid, - id,,=d" and Y id,-d,,)=d".

ilk ilk ilk

whence
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Applying the Mobius inversion formula, we conclude that

1 n/k
d,-d,, = ZZu(k)d . O
k|n
Information about the power maps in F is now given. Let u: F — F,
x — xP . We claim that, for each /> 1, a map

Hg: KI/K1+1 - Kp‘l/Kp’IH

is induced: set x = wu, ,, with u, € k;, and U, € x,,.,. Then, via [H,
Theorem I11.9.4; HB, Proposition VIII.1.13], we have

S

P _ P
u = (uwu,,,)” modulo k),

(since ps"l(p‘fk) for (k,p) = 1, as in [HB, VIIL1.1(a), Proof]), and p, is
well defined (see also, for instance, [L]). Clearly, 7 is not a homomorphism of
groups, but

1.10 Lemma. u(x)=1 ifandonly if x =1.

Proof. Asseenin 1.6, F/ Kips,) Can be faithfully represented in the multiplica-
tive group of & s bya homomorphism 6 setting

H(x,.x,pm) =1+a,.
Using the notation of 1.6-1.8 and Jennings’ theorem, we obtain
xeklﬁg(x)— 1e#’ .

Therefore it is enough to show, in %,ps ,thatif u € #' and (1+u) =1 , then
ue @',

To see this, suppose u = u, + u,, where u, is a homogeneous polynomial
of degree / and u, € B! . Clearly,

s s s

l=1+uwf =1+u" =1+ (u +u,) =1+u11):,

and then ] =0.

Assume u, = A, w, +---+Aw,, where w, are distinct monic monomials of
degree /, and 0 # A, € k. Now the distinct monomials of degree Ip® obtained
juxtaposing p° of the w; to each other are linearly independent and u{ isa

linear combination of them. .
It is now clear that in order to get #] =0 we must have 4, =0. O

In the following three technical results we mention the basic commutators,
and the commutator collecting process. For a definition of these concepts the
reader is referred to [Ha, Chapter 11], or to the beginning of §2 of this paper.




GROUPS OF FROBENIUS-WIELANDT COMPLEMENTS 863

1.11 Lemma. Assume the notation as above. Let b, ---b, be a set of represen-
tatives of a basis of k;/x,,,; let c,---c, be the basic commutators of weight pl .
Then by ---b, c,, ..., c, area set of representatives of a basis KKy -

Proof. By 1.9, since [HB, Exercise VIII.21, p. 384]
_ 1 pl/s

s|pl
it is enough to show
p P

(by,.... b, ,¢c/y.uiscy, lcpm) 2K, .

By [HB, Proposition VIII.1.13],
Ky = ey s F106)
By 1.5, and [Ha, Theorem I1.2.4],
(Kpr1s FYS Bty =(Cpseens € Kppyy) -

Furthermore, by the commutator collecting process

K;’ g (b‘[” bg’ MR bf’ Kp[+l$ (K[)p)’
and by 1.5, (k)), < Fjx,,, . O

1.12 Lemma. We keep the notation used so far. If ptl, then k, = Fk, +1°
and the basic commutators of weight | are a set of representatives of a basis of
Ky/Kpy -

Proof. By [HB, Proposition VIIL.1.13], k, = [x,_,, F ]kfn , where m is the least
integer such that pm > /; sincep+/, Kfn <k, and k;, =[x,_,, Flx,,. By
1.4, [x,_,, F1 < Fx,,, . Therefore x, = Fx, ,. Now 1.9 and [Ha, Theorem
I1.2.4] give the result. O

1.13 Lemma. Let F and k, be as above. Suppose that s, m, n are integers,
p a prime, such that [n/p] <s<m<n. Then (Fk,)Nk, =F,x,.

K]

Proof. The inclusion D is trivial. Set k¥, = K, and evaluate [FjK o

for j=s,...,n—1. Since F;’SK,

FK F, F F,
FnK —(F;0F\K) - FnF FFK F F/(F;NK)
and this last is a factor of F,/F; +1Ff . Then

. . p 4
(F,K : F, KIS [F, 2 Fy F1< Y,

where 1= %Zu j ,u(k)dj /K is the number of basic commutators of weight j,
as in the proof of 1.11.
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On the other hand, F K<k and by 1.11 and 1.12,

Jj+1°

=[FjK:Fanxj+l]

K].

V= LR WY

=[FK:(F;nk, )KI<[FK:F,_,

j+lK]
k ) for j=s,..., m—1. Now

All inequalities are then equalities, and p' = [F K:

Similarly, we get p' = [F K, j 1% m

m I

[FK:FKnk,]=[Fk, K, ]=p21—s ) =[FK:F,K]. O

.14 Lemma. Assume X € K n-1, for n>1. Then

p+1

x? €Ky — (Kpn+1)xpn+1+1.

Proof. We first compute (k ., ,) modulo Ky, - We have

p+1

17 - i
[p+1’ +l]_ F Hp+1’ Hp+1

pn+ pn+ pn+ —i pn—J
<[F" |F 1H[F +l]H[,H,, F 1.
i=0 i,j=0
The first factor, as well as each factor of the first product, is congruent to the
identity, modulo Kyrei gy WE NOW consider a factor of the second product, and

evaluate it via 1.2. We have
—i 2n—i—j—h—k
p" p

(*) [F '+1° p+l]<HF p+1+p(p+1)
for all pairs (h, k) suchthat 0<h<n-i, 0<k<n-—j.Now

2n—i—j—h—k

D
Fp”(p"+l)+p"(p’+1)
Assume that either h+i<n or k+ j <n. Then

2n—i—j—h—k

< i h— ) .
S Kpin=izi=h=k(ph (ol 1) 1p* (p +1))

n+l1

h, i k, j
P PP +D+p" @ +1)Zp" +1
2n—i—j—h—k
and, modulo Kooty W have F pr = 1. Hence we may assume / =
B+ 1)+p (P +1) i
n—i, k=n-j,and the correspondmg factor in (x) is Fonipiitypm=ipian) S
Fp”+1
Thus
(**) (Kp"+l) S Fp"-f—l mOdulo Kpn+l+l .
Assume now Xx €K, =K, for p" i < j<p". Hence x* €K, =Kyt
by 1.10, and, in pamcular X € Kynyy = Kyner g Now we compute modulo
Kpnetyy - By 1.13, we get x, N F. F,, and by 1.11, x” ¢ F i thus

x” ¢ F, . But (xx) gives now x’ ¢ (k N

We now come to:




GROUPS OF FROBENIUS-WIELANDT COMPLEMENTS 865

Proof of the main theorem. We will show the Theorem for X = X(d,r) =
F /;cp, +1(F), where F is a free group on a finite number d of generators,
r > 0 is an integer, and Ky +1(F) is defined as in 1.3; since we have noted
in the introduction that homomorphic images of FW-complements are FW-
complements, and every p-group is a homomorphic image of X(d, r) for a
suitable choice of d and r, we will have our result. We indicate the subgroup
k,,(F) simply by k,, for every positive integer m .

We begin with the following remarks:

1. Every element of F — K, has a power in Kyr=1y = Ky

"+1 p+1
Let x € F—xp,+1 . Then there exists £, 1 < h < p",suchthat x € e

Let s be maximal such that p*h < p". We have p’h > p’"~', or s would not
: r r’
be maximal. By 1.10, x° € Kpsh = Kppy - Thus x° € K=ty = Kpryg -
2. Every element of F — K,r,, hasa power in K, - (rcp,ﬂq)’k:pﬁbrl .
This is straightforward by (1) and 1.14.
3. Ky /Ky +])'lcp,+| +1 1s elementary abelian. ‘
It is enough to show that Ky iy /xpm +1 has exponent p. But this is clear, by
[HB, VIII.1.13(b)].
Now is a free group, by Schreier’s Theorem, and, since it has finite
index in F, Kol is finitely generated. Let m be its rank. Clearly, m can be

computed using Schreier’s Formula and 1.9. We choose ¢ such that p’ > m,
set
F= F/Ker(Ker(F)) >
and use bar-notation consistently. We note here that F is a finite p-group.
Since, by (3), Ky /(x .. )k 1, is elementary abelian, we have

1) Ky
(%) () Koy 2 @Ky ) -
Now, by 1.6, we can apply Wall’s Theorem 1.7 to G =X, and ¢ = p';
we get that every element in %, — ®(K, ) has a power in (m)”l -K,

where K is a suitable maximal subgroup of (xpr H)” '
Now (), together with (2), shows that an element of F — K has a power

in (xp—,H)P' - K, and, by 1.1, we have that F/K, | = F/k, = X isan
FW-complement for ¥. O

2

We begin this section with some known material. Here, p will be an odd
prime.

2.1  Definition. Let F be a free group, freely generated by the elements x,
..., X; . The basic commutatorson x,, ..., x, are the elements of the ordered
infinite set {c;},n defined inductively as follows [Ha, p. 178]:

(1) ¢; = x;, for i <d, are the basic commutators of weight 1.
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(2) Suppose we have defined the well-ordered set ¢, ..., ¢, of the basic
commutators of weight less than n. Those of weight n will be the commutators
[u, v] such that

(a) u, v are basic commutators, and the sum of their weights is n,
b) u>v,
(c) if u=[w,t],then v >¢.

Furthermore, the basic commutators of weight n will follow all those of
lower weight, and if [u,, v,], [u,, v,] have weight n, we will have [u,, v|] <
[u,, v,] if either v, > v, or v, =v, and u, > u,.

We now state P. Hall’s theorem about basic commutators (see [Ha] as a
reference).

2.2 Theorem. We may collect the product (x,---x,)" in the form

n nn n k k
(xl...xd) =C162”‘Cd(cd+l) d*'...cr'tl...ts,

where the c’s are the basic commutators in X, ..., X, inorder,and t , ..., 1t
are basic commutators later than c, in the ordering. For d +1 < i <r, the
element k; is of the form k, = Z;.”zl b; (;’) . if m s the weight of ¢;; b, does
not depend on n but only on c;.

We will not give the proof of Theorem 2.2 here, but refer the reader to [Ha,
Theorem 12.3.1]. The proof includes a method for the explicit computation
of the b j’s for each basic commutator ¢;, via the introduction of a suitable
ordered set A; depending only on ¢, .

The following example, which is relevant in the rest of this section, is taken
from some unpublished lecture notes of a course taught by J. Alperin at the
University of Chicago in the Summer Quarter 1984.

Set d =2,x, =x,x,=y,andlet p be an odd prime. Let

ci)y=[y,x;p—1il,y;i-1].
As in [Ha, pp. 180-181], the coefficient bj for c¢(i) is given by the number
of order preserving maps of the set A = {4, -~-Ap} with order given by the
inequalities

}“p—m >lp_1 > > A, >4 </1p—i+2<"'</1p

onto the set {1, 2, ..., j} with the natural order.
Our goal is now to compute, modulo p, the exponent k(i) of c¢(i) in the

expansion of (xy)”. We have k(i) = ¥2/_, b,() . All the summands are now

divisible by p, except the last one, which is bp. We have to compute the
number of all possible order preserving surjective maps w: A — {1, 2, ..., p}.
Clearly, we must have w(4,) = 1, since y is surjective and 4, < 4;, [ =
2,...,p. Clearly achoice of y(4,) <---< u/(/lp_m) intheset {2, 3, ..., p}

determines . Therefore, there are (°_}) such functions. We have proved
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2.3 Lemma. k(i)= (°Z})modp.

p—i
The expansions of powers of products given by 2.2 for free groups hold in
fact in every group: let G be a group, let g, ..., g, be any elements of G.

Let F beasin2.1,and let ¢: F — G be the homomorphism determined by the

assignment ¢(x;) = g;. Then we can apply ¢ to both sides of the expression

in 2.2, and get an expansion for (g, --- gd)" . In what follows, we will refer to

this last expansion as the one obtained “via the commutator collecting process”.
We can now prove

2.4 Lemma. Let G be a group, and assume a € G, and b € G, . Assume
m>n. Then

[&’,b]=[b,a;p]”" mod G, v 1K (G) -
Proof. We have
(1) [6".a"'1=[a,b,a”"].

Now we compute via the commutator collecting process, and all the congruences
will be mod N =G ( G). We have

1

n+m+lK (n+m)

1=1[a, bf "H KO |

where k(i) is as in 2.3 and
e(i)=[a’,a sp—il,a"si-1],

since the pth powers of commutators of weight less than p in a® , a”! arein

Kp(m +n)(G) , by (1), and the other commutators of weight greater than or equal
to p in ab ,a”! appearing in the expansion are in Gpn +m41» again by (1).

Also, T, has order pmod N, and then, by 2.3, we may write (57}) for k;.
Hence we get, mod N

W =) 2 (e
l=a?@y [ =", b1 .
i=1 i=1
But "
¢, =lla,b,a ' ;p—il,a;i—-1]1=[b, a;p]"”" mod N
by (1) and [H, Proposition II1.6.8]. Then
L=(d, Blib, a; p1om VTG _1? biib, as ),

and the result follows. 0O

From now on, F will be the free group on two generators x and y. We
set = {f,(xy"), i=0,1,...,p—1}. We recall that a left-normed
commutator in x, y is one of the form [z,, ..., z,] where z,=x or z,=y.
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2.5 Proposition. The elements of & form, with the non-left-normed basic com-
mutators of weight p, a set of representatives for a basis of k,(F)/x,, (F).

Proof. Let £ be the set of the left-normed basic commutators of weight p,
and ./ be the set of non-left-normed basic commutators of weight p. By 1.11,
B ={xF,yP}uL UL is a set of representatives of a basis of K, (F)/K,  (F).
Note that |.X|=p —1,so that |[PUSN|=|F|. Weset N = (N1, K, (F)),
G=F/N.

Since /#/ C %, our claim is proved if we show that the elements of A
represent a set of generators of Kp(G) . Thus we argue modulo N.

Via the commutator collecting process, one obtains

k
(1) (xy)f =x"Vet e

modulo N, where ¢, = [[y, x; p— 1], y; [ - 1]; and since the nontrivial ele-
ments of Gp have order p (mod N), we may assume by 2.3 that

_(p-1
()
Then (1) becomes

3) y P x P y) = T
J

Now, for each i such that 1 <i<p—1, setting y~?x7?(xy')f = u, , substi-
tuting y' for y in (3), and switching to additive notation, since G, =1,one
obtains from (3) a system of p — | linear equations:

4) 0= (2Z0),

The matrix

<5> ((G=3)7)

is the product of a nonsingular diagonal matrix on z, and a nonsingular Van-
dermonde matrix; therefore (5) is nonsingular, and it can be inverted. The c;

can then be expressed as linear combinations of the u,’s. Then x”, ", u , ...,
u,_, are (a set of representatives of) a basis of K'p(G), and since (xy')f =
xPy"Pu ;» the proof is complete. O

Since in a metabelian group all non-left-normed basic commutators are triv-
ial, we have, as a corollary, a well-known result by Meier-Wunderli: metabelian
p-groups of exponent p on two generators have class at most p — 1. We have
also:
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2.6 Corollary. Set G=F/x,,,(F). Then G" NG, =1.

Proof. G* NG, <x:(G)NG,,, =G, by L.13. By L11, a basis of x,:(G)

is given by the basic commutators of weight p2 and the pth powers of the
elements that represent a basis of «,(G)/k,,,(G). The former generate sz ,
2
while G° is contained in the subgroup generated by the latter, by 2.5. Then
2
G n sz =1. 0O
The following is a corollary to 1.5:
2.7 Lemma. Let G,p, m;,n,r,k, beasinl.5. Letx;€x,, ,i=1,...,s,
and, for a given k < s, let y, € Ko, - Then

DX s oo s X1 X Vies X1 oo e 0 Xl
=[x, XX s X Vies Xpyy s -+ 5 %] (mod G, x, (G)).

Proof. The proof is by induction on s. The result is immediate for s = 1.
Assume the result true for s — 1, and, without loss of generality, assume

(1) G G)=1.

To begin, suppose k = s. Since

r+lKn+l(

(X, oee s X5 X Y]
= [xl, L] xs_l 9ys]['x] 9ty xs_l, xS][xla e xs_] ’ xS’yS]
and since, by 1.5,
[x;,....,x_,,y]€Gk,(G), [x; ..., x,]€ Gk, (G),
the result follows by (1) and [HB, Proposition VIII.1.13]. Now assume k < s.
By induction,
(X5 oo Xps oo s X 11Xy - - s Xp_ 15 Vi Xpqro -+ o0 X511
=X X XV Xpgys -os Xy 14,
where u € G,.nsﬂxp(,_ms)ﬂ(G) ; here r = minlSiSs_l(rhi +[m,/p]). By 1.5 and
(1), to prove the result it is enough to show [u, x ] =1. Set u = u,u,, where
u €Gy ., and u, €x,,_,,,,(G). Then
[u, x]=[uuy, x]=1[u;, x]u,, x;, u,)lu,, x]J.
Thus, it is enough to show that [u,, x] and [u,, x,] are trivial.
We have [u,, x ] €[G . Now k, is the product of the subgroups

of the form (G

v
it is enough to show that [G,, .,
assumption (1), we have

m+1° KmS]
)P, with vp" > m_ . Therefore, in order to get [u,, x]=1,
G? 1=1, with v, w as above. By 1.4, and

(G, ., G 1<G G 1.

A+l retKpim 414 m 01) < Kp(tngpl+n) =

i+ 140p" Kp(n +100p7 1) S
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Now we want [u,, x,] = 1; but [u,, x] € [«
fore it is enough to show
[x(,_ms)pH(G), Kms(G)] =1.
We want to apply 1.5; in order to do so, we first note that
{U—%W+1
p
since r > [n/p], and that

(G), k,, (G)]. There-

s

(r—m)p+1

]+ms=r—ms+l+ms=r+12 [n+1"

(2) (r-=mJ)p>) m

by hypothesis. Now 1.5 gives
[K(r—ms)pH(G) > Kmx(G)] < G(r—m_y)p+m5+lKn+l(G) :
By (2), .
(r—=m)p+m +1>> m +1;

i=1
by (1) we have the result. O
The following result is an easy consequence of Lemma 2.7 in [D].

2.8 Lemma. Let F be the free group on two generators x and y. Let p be
an odd prime, m an integer, m > 2. Let ¢, c,,...,c, be the left-normed
basic commutators in x,y of weights ranging from 2 to p— 1. Let ¢ be
any commutator of total weight n < m, and assume c is a commutator in
€/ Cys ... C,. Let B, be the family of basic commutators in x,y of weight
not less than n that are also commutators in c,, ¢,, ..., c,. Then c can be

written, modulo x, . (F), as a product of elements of B, .

2.9 Proposition. Let p be a prime, p > 5. Then there exists a finite p-group
G, and a complex module M for G, such that G/N(G, M) is extra-special of

order p3 and exponent p .

Proof. Let F be the free group on two generators x and y, and set G =
F/sz+l(F)F3p_], N = Kk4(G), and H = xzp(G). We show first that there
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exists a subgroup K of H suchthat G, N, H, and K satisfy condition (ii) of
1.1. Then, if M is the complex module induced as in 1.1 from a linear module
of H having K as the kernel, we will show that N = N(G, M). Since it is
easy to show that G is a finite p-group and G/N is extra-special of order p3
and exponent p, we will have the result. We divide the proof into steps; we
indicate elements of G by their representatives in F, without possibility of
confusion.

Step 1. H is elementary abelian, and H = H @ H,® H;® H,® H;® H, , where
H, = (%), and

‘@1 ={ly, x]p},

&, = {pth powers of basic commutators in x, y of weight w,

3<w<p-1},

%, = {pth powers of non-left-normed basic commutators of weight p},

%, = {pth powers of elements of &},

& = {basic commutators of weight w, 2p <w < 3p -3},

&, = {basic commutators of weight 3p — 2}.

By [HB, Proposition VIII.1.13], (xzp(G))” < szz(G) =1 and therefore H has

2
exponent p . By definition, H = G (G,)’G,, . Therefore, since G* < Z(G),
we have
)4
[H, H]=[G°G

G5G,,1 <G5, G3IIG,,, G31G,, .

2p° 2p°
But G‘u7 =1, since G hasclass 3p —2; by 1.2
2
(G5, G31< Gyy(G,,,,) (G)F =1
and
[G2p > Gg] S G4p(GZp+2)p =1.

Now we have shown that H is elementary abelian. By 1.11, 1.12, and 2.5,
Uf’zl% is a basis for H. Then H = EB?=1 H,.
Step 2. Every element in G — N has a nontrivial power in H. By 2.6, letting
2
¥ =F/[x,, (F), we get zr N, ,=1,while /%, =G. By 1.10, every
element in & — ¢(¥) has a nontrivial pz-power in % ; then also every element

in G — ¢(G) has a nontrivial p’-power in G, and so clearly in H. Elements
of x,(G) — N have, similarly, their nontrivial pth powers in H, by 1.10.

Step 3. [Kp+1(G) , K5(G); p— 1] = 1. In fact, 1.5 is applicable for n =p2 +1,

s=p,m=p+1, m2=~~=mp=2. Hence
[Kp+1(G), Kz(G)§p -1]1< G3p_1Kp2+|(G) =1.
Step 4. Let v € G’ (G). Then

[v,ly,x]l;p=11=1 ifandonlyif vek, (G).
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The “if” part has been seen already in Step 3. By 1.2, we are now able to define
a map

WG, (G)/K,, (G) = Gy, /Gy,
wr[w, [y, x];p-1].
By 2.7, y is a homomorphism. It is enough to show that it is an isomorphism,
and so to exhibit p + 1 independent elements in Im . Now, by 2.5 and 1.11,
x?, yP, and the left-normed basic commutators of weight p are a basis of
G’x,,,(G)/x,., (G),

and then it is enough to show that their images under ¥ are powers of distinct
basic commutators of weight 3p — 2.
Indeed, it is so, since

X, v, xl;p = 1=y, x;p+ 11, v, xl;0 -2,
by, xlsp -1 =y, x,y;p), v, xl; p =27
by 2.4 and repeated application of 2.7.
Set B, =B, UZ," , where
B, = {all basic commutators of weight 3p — 2, except
those in the image of y as in Step 4},
B, = (v y(v)|v e P}.
Set also Hy = (%,). (Warning: in spite of the notation, Hy is not the
derived subgroup of H,!) We have
H=H eH,0oHoH,oH,®H,
since H, is a complement for @’_, H, in H. Set
K,=H,® H,® H & H, .

Step 5. Computation of g*, with g € K,(G)— N . Suppose g € k,(G)— N, and
assume g = a,a,,, , where a,,, € k,,,(G) and a, € k,(G) . Then, since the
pth powers of a,,, and of commutators of weight less than p in a,,,, a, are
in K2y and the commutators of weight p or larger in a,,,a, are trivial by
Step 3, we get g =a).

Hence, by 2.5, we may assume that g € x,(G) — N is a product g = uv,
where u is a product of basic commutators of weights ranging from 2 to p — 1
and of non-left-normed basic commutators of weight p, and v is a product of
powers of the elements of 2 . Again, expanding, we get g’ = u’v”[v, u; p—1]
since all pth powers of commutators in v and u are 1, as v € KP(G) , and
among the other factors, only [v, u;p—1]€ G;,_, can be nontrivial, by 1.4.

But u = [y,x]k “uy, with u,; € k;(G) for some integer k, 1 <k <p-1.
Expanding, by 2.7 and 1.4,

+1°

Ww.ouip-1=w. . xl,p-11" =W, xl;p-1].
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Hence g° = u*v’[v, [y, x]; p — 1]. By Step 4, we have now that g° =«
modulo K, and u = [y, x]kwlw2 , where w, is a product of basic commu-
tators in x, y of weights ranging from 3 to p — 1, and w, is a product of

non-left-normed basic commutators of weight p. Set u' = ly, x]kwl , and ex-
pand. We get gf = ¥ = (W'w,)’ = (')’, modulo K, since w) € H,; all
commutators in % and w, have weight at least p + 2 (as commutators in
X, ), and therefore their pth powers are trivial; [w,, u;p—1]€ Hé , by 2.7
and 1.4, as w, is a product of non-left-normed basic commutators of weight
p; and, finally, every other commutator appearing in the expansion is trivial,
because of its total weight in x and y, and 1.4.

We continue, and expand (#')” = ([y, x]kwl)p =(ly, x]kclc2 ---c,) , where
€, Cy, ..., C, are basic commutators of weight ranging from 3to p—1. We
note that cf’ € H,, and the other commutators appearing in the expansion, via
repeated applications of 2.8, are shown to be in H, ® H, ® H; & (Qg') <K,.
All this adds up to g° = [y, x]** modulo K,.

Now we set K = (K, bc™'|b,c€ B,UB,).

Step 6. Every element of G—N has a powerin H-K ,and G, N, H, K satisfy
hypothesis (ii) in 1.1. If g € G —k,(G), then g =ab, where a € {x'y|i, j=
0,1,...,p—=1, (i, j)#(0,0)} and b € k,(G) . Expanding, we conclude that
the pzth power of g is a nontrivial power of an element of %, . Furthermore,
we have shown in Step 5 that if g € k,(G) — k4(G), then g’ is congruent to
a nontrivial power of [y, x] modulo K|, and thus also modulo K. But X is
maximal in H, and hypothesis (ii) of 1.1 is satisfied by G, N, H, K.

By 1.1, we have that N > N(G, M), where M is induced from a complex
linear module L of H such that the kernel of the representation afforded by
L is K. We now complete the proof of 2.9 by showing

Step 7. N = N(G, M). It is enough to show that N(G, M) > N. Certainly
N(G, M) >x,,,(G): in fact, k, ,(G) has exponent p, by [HB, VIIL.1.13(b)],
and we can apply Corollary 1.5 in [S1]. Let ¢ be a basic commutator of
weight w, 3 <w < p-1. Since ¢’ € H, < K, we have that ¢’ is triv-
ial on L, and then, as in the proof of 1.1, ¢ fixes a nontrivial vector in M .
Thus ¢ € N(G, M). On the other hand, if ¢ = [a, b] is a basic commuta-
tor of weight p, a must be a basic commutator of weight 3 or more, since
p = 5, and thus an element of N(G, M). But N(G, M) is normal, hence
¢ € N(G, M). By equation (3) in the proof of 2.5, we can conclude that
xPy7P(xy)Y € N(G, M). We use the commutator collecting process once
more to show that (x 7 (xy)’) = x“’z(xy)"2 € K,and x’(xy)’ € N(G, M).
Then y” € N(G, M), and similarly x” € N(G, M). Hence, by 1.11 and 1.12,
N = k4(G)
= (}c

+1(G), X7, ¥, clc is a basic commutator of weight w, 3 <w < p)

<N(G,M). O
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2.10 Remark. In [S2] a construction similar to the above is given in the p = 3
case, showing that there is a 3-group G with a normal subgroup N and a
complex module M such that N > N(G, M), and G/N is extra-special of
order 27 and exponent 3.

However, in this case we do not have N = N(G, M). In fact, G/N(G, M)
turns out to be isomorphic to the group of order 3¢ given, for p = 3, by [H,
II1.10.15]. Here is a sketch of a proof: as in [S2], let F be the free group on
two generators x, y, let p =3, and G* = F/k((F)F;, G = G*/V', where
V' is a suitable subgroup of Z(G"). From [S2] we know that the 3rd-power
map establishes an isomorphism « between k,(G)/x,(G) and k4(G). We can

choose H = xg(G)Gg' ,and K to be a suitable maximal subgroup of H which
turns out to be normal in G . This is enough to conclude that N(G, M)/k,(G)
is the preimage under a of K Nky(G), and since every element of G — ®(G)
has its 9th power outside K N k¢(G), and thus its third power outside
N(G, M), we have the result.
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